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I. INTRODUCTION 
Recently, Davies and Ostaszewski [l] studied the existence of positive solutions of the linear 
difference-delay equation 
j(t) = a1f(t + h) + azf(t - h2)r (1) 
where al, a2, hi, hz are positive real constants. Equation (I) is a mathematical model in economic 
theory [Z]. 
In this note, first, we use the method of the characteristic equation to obtain the main results 
in [l]. Our method is simpler than the one in [I]. Next, for the standpoint of the practice in the 
economics, we should consider the equation with variable coefficients of the form 
f(t) = a1(t)f(t + hl) + az(t>f(t - h2), 
where ai and a2 are continuous functions. The main results in this paper are to obtain some 
sufficient and necessary conditions, as well as sufficient conditions for nonexistence and existence 
of positive solutions of (2). 
Let T 2 0. By a solution of (1) we mean a continuous function f E C( [T - hl - h2, co), R), 
which satisfies (1) for all t 2 T. By the method of steps, that if an initial function 4(t) is given 
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such that f(t) = 4(t) for T - hl - ha < t 5 T and satisfies certain compatibility condition, 
then (1) has a unique solution which exists and is continuous for t 2 T. 
As in [I], we shall consider all continuous solutions on R’. Especially, we investigate the 
conditions for the nonexistence and existence of positive solutions of (2). 
A solution f(t) of (1) is said to be oscillatory, if f(t) is not eventually positive or eventually 
negative for all large t. 
II. EQUATION (1) 
The following lemma is taken from [3]. 
LEMMA 1. Every solution of (1) oscillates if and only if the characteristic equation 
1 - a@ - @e-Ah2 = 0 
has no real roots. 
Let 
Then, 
and 
F(X) = 1 - aleXhI - u2e-Xhz. 
F’(X) = -alhle Xh1 + a2k2e-Xhz 
2 F”(X) = -alhle Xhl _ a2h;e-Ma, 
From Lemma 1, we obtain the following theorem. 
THEOREM 1. Equation (1) has no positive solutions if and only if 
which is equivalent to 
ha hl 
/,,h’/+ 
a1 a2 > 
( hl +‘h2;hl+hl . 
(3) 
(4) 
(6) 
PROOF. From (4), we obtain 
X0 = 1 In - a&2 
hl+ h2 alhl 
(7) 
is a unique maximum point of F(X). And 
F(Xo) = 1 - al 
hll(hl+hz) 
(8) 
Obviously, F(-oo) = -00, F(oo) = -co. Condition (5) implies that F(Xo) < 0. Then (3) has no 
real roots. From Lemma 1, we obtain the conclusion of Theorem 1. The proof is complete. 
from the analysis of the real roots of the characteristic equation (3), we can obtain the existence 
results of positive solutions of (1). 
THEOREM 2. 
(i) If al + u2 < 1, then (1) has a positive solution q(t) -+ 0, as t --) co and an unbounded 
positive solution 22(t) + co, as t --f 00. 
(ii) If al + u2 = 1 and alhl = azhz, then (1) has an unbounded positive solution z(t) ---) 00, 
as t -+ 00 and no positive solutions, which tend to zero, as t -+ co. 
(iii) 
(iv) 
(v) 
(vi) 
Positive Solutions of Difference Equations 
If al + a2 > 1, a& > alhl and 
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ha hi 
h’u hhz 
al a2 -c (hl +‘h2)ahl+h2 ’ 
then (1) has two positive solutions, which tend to infinity, as t --+ co. If (9) is replaced by 
(9 
(ii) 
(iii) 
(iv) 
(v) 
(vi) 
ahzah _ 
hh hhz 
12- 
( hl +‘h2;hj +hz ’ 
PROOF. 
then (1) has only one positive solution x(t) -+ 00, as t --+ co. 
If al + a:! > 1, azh2 < al hl, and (9) hold, then (I) has two positive decay solutions; if (9) 
is replaced by (g), then (1) has only one positive solution x(t) ---t 0, as t + cm. 
If al + a2 = 1 and a2h2 > alhI, then (1) has a positive solution xl(t) + 00, as t -+ cm, 
no solutions, which tend to zero, as t --+ 00, and a constant solution x(t) E c. 
If al + a2 = 1 and a2h2 < alhI, then (1) has a positive solution f(t) -+ 0, as t + co, a 
constant solution x(t) E ~2, and no solutions, which tend to infinity, as t -+ 00. 
In view of F(0) = 1 -al - a2, condition al + a2 < 1 implies that (3) has a positive root X1 
and a negative root X2, the corresponding solutions eXlt and eXst tend to infinity and zero, 
respectively, as t -+ co. 
In this case F(0) = 0, F’(0) = 0, F”(0) < 0. Zero is a double real root of (3). f(t) = t is 
a solution of (1). Equation (3) has no negative real roots. Therefore, (1) has no positive 
solutions, which tend to zero, as t ---f 00. 
In this case F(0) < 0, F’(0) > 0. F(X) = 0 h as real roots, which must be positive. 
Inequality (9) implies (3) has two positive roots. Equation (9’) implies (3) has only one 
positive root. The corresponding solutions tend to infinity as t -+ co. 
In this case, F(0) < 0, F’(0) < 0. Equation (3) h as real roots, which must be negative. 
Inequality (9) implies (3) has two negative roots, and (9’) implies (3) has only one negative 
root. The corresponding positive solutions tend to zero as t + 00. 
In this case F(0) = 0, F’(O) > 0. Equation (3) has a positive root and no negative roots. 
Zero is a simple root of (3). Then the corresponding conclusions follow. 
In this case F(0) = 0, F’(0) < 0, which imply that (3) h as a negative root and no positive 
roots, and zero is a simple root of (3). Then the conclusions follow. The proof is complete. 
REMARK 1. In Theorem 2, we obtain some sufficient conditions for the existence of certain 
positive solutions. In fact, by Lemma 1, we also can obtain necessary conditions for the existence 
of certain positive solutions. We omit the detail here. Therefore, Theorem 1 is Theorem 1 in [I]. 
Theorem 2 includes the main results in the third and fourth sections in [l]. But the conclusions 
here are more fine and smooth than results in [l]. 
Obviously, (3) always has complex roots, so (1) always has oscillatory solutions. 
III. EQUATION (2) 
First, we shall show a nonexistence result for the positive solutions of (2). 
THEOREM 3. Assume that h2 = mhl, m is a positive integer. Further assume that 
(i) liminft,, al(t) = al > 0, 
(ii) liminft,ca az(t) = u2 > 0, and 
(iii) al > (l/aa(m + l))l/” (m/(m + 1)). 
Then (2) has no positive solutions. 
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PROOF. Suppose that f(t) is a positive solution of (2). Then 
f(t) 
f(t + h) 
Let lim inf t_co(f(t)/f(t + hl)) = T. Obviously, from (lo), T > 0 and 
T > a1 + UQT m+l 
Or 
g(r) = T - Q,Tm+l > al. 
It is easy to see that TO = (l/aa(m + l))l/” is a maximum point of g(r). Hence, 
(10) 
%?w-) = (.,(,,I+ 1)) llrn $. 
Condition (iii) contradicts (11). The proof is complete. 
REMARK 2. Condition (iii) is equivalent to (5) in Theorem 1, if hz = mhl. 
Similarly, we have the following theorem. 
THEOREM 4. Assume that hl = nh2, n is a positive integer and (i),(G) hold. Further assume 
that (iii)’ 
Then (2) has no positive solutions. 
The following result does not require either hl/hz or hz/hl is a positive integer. 
THEOREM 5. Assume that 
(HI) lim inft_+oo al(t) = al > 1; 
(Hz) a(t) = minsE[t+,tl Q(S), limsup,,, a(t) > 0; 
(H4) a;” XsupAEE, t>T n:“=,(l - %t - 6)) < 1, 
where E is a set of real numbers defined by 
E = {X > 0 ( 1 - Au(t) > 0, eventually}. 
Then (2) has no eventually positive solutions. 
PROOF. We rewrite (2) in the form 
al(t)f(t + hl) - f(t) + az(t)f(t - hz) = 0. 
Let f(t) > 0 be a positive solution of (12). Define 
s t z(t) = f(s) ds > 0. t-h1 
Let hz = mhl + 0, m is a positive integer and 0 E [0, hl). We see that 
z’(t) = f(t) - .f(t - hl) I al@ - h)f(t) - f(t - hd 
= -a2(t - hl)f(t - h2 - hl) 5 0. 
02) 
Integrating (12) from t - hl to t, we have 
alz(t + hl) - z(t) + a(t)z(t - h2) 5 0. (13) 
Positive Solutions of Difference Equations 
Define a set of real numbers by 
S(z) = {X > 0 1 al,+ + hl) - (1 - Xa(t))z(t) L 0, 
From (13), alz(t + hl) - (1 - a(t)).z(t) IO, i.e., 1 E S(z). S(z) is 
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eventually}. 
nonempty. If X E S(r)! then 
(1 - k(t))z(t) > 0, so S(z) c E. By (Hz), E is bounded. Hence S(z) is bounded. Let b E S(z). 
Then 
az(t) I (1 - pa(t - h))z(t - h) 
= (1 - pa(t - rc&$(l - pu(t - 2h1))z(t - 2hl) 
< . . - 
L y-g& $1 - W(t - %))z(t - mh) 
i==l 
I -& fi(1 - CLa(t - ih1))z(t - h2). 
i=l 
Substituting the above inequality into (13), we obtain 
alz(t + hl) - fi(l - I.La(t - ihl)) z(t) IO. 
i=l 
By the definition of S(z), the above inequality implies that 
uy 
[ 
;>“g fi(1 - pu(t - ihl)) --l E S(z). 
- 2=1 1 04) 
By (Hs), there exists a number p E (0,l) such that 
% -“A sup ficl - Xu(t - ihl)) I p < 1. 
XEE,QT i=l 
Hence. 
“;mmg fi(1 - pu(t - ihl)) 5 %_ 
- a=1 
The above and (14) imply that ~/DE S(z). Repeating this procedure, we obtain that p/p’ E S(z)? 
r = 1,2, . . , which contradicts the boundedness of S(z). The proof is complete. 
From Theorem 5, we can derive an explicit sufficient condition for the nonexistence of positive 
solutions of (2). 
COROLLARY 1. Assume that (H ) 1 and (HP) hold. Further assume that (Hd) 
lim?f ; 2 u(t - ihl) > 
mm 
i=l 
@(l + m)l+m 
Then (2) has no positive solutions 
PROOF. Since 
g(l - Xu(t - ihl)) > m 
a=1 ( 
fi(1 - Xu(t - ihl)) 1’m, 
i=l ) 
l-;Eu(t-ihl)> fi(1-Au@-ihl)) 
r=l ( 
llm 
) 
i=l > 
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and hence, 
x l-~~a(t-ihl) ( ) 
m 
>_ x fi(1 - Xa(t - ihl)). 
a=1 i=l 
Let b(X) = X(1 - cX)m, for X > 0, c > 0. Then maxx,ob(X) = mm/[c(l + m)l+n]. Let 
c = (l/m) Cy=l a(t - ihl). Then we have 
(1 +?“i”l+, [;y++,]-’ 2 b(X) = x ( 1 - ; 2.(t - ih) 
) 
m 2 Afi(l-Xa(t-iw 
r=l i=l i=l 
Therefore, (Hd) implies (Hs). The conclusion follows from Theorem 5. The proof is complete. 
REMARK 3. If h2 = mhI, al(t) z al, as(t) G a2, then (Hd) becomes CL~ > mm/ay(l + m)‘+“, 
which is Condition (iii) in Theorem 3. But. we do not require that h2 = mhl in Theorem 5. 
Similarly, if hl > h2 and hl = Ih2 + 5, < E [0, h2), th en we have the following theorem. 
THEOREM 6. Assume that 
(i) liminft+oo az(t) = a2 > 1; 
(ii) d(t) = min8c[t-h2,t] al(s), limsup,,, d(t) > 0; 
(iii) 
1 
a,5 sup tEE t>T g(l - xd(t + W) < 1, 
? - 2-l 
where 
E = {A > 0 ( 1 - X d(t) > 0 eventually}. 
Then (2) has no eventually positive solutions. 
COROLLARY 2. Condition (iii) in Theorem 6 can be replaced by 
1 
1hmEf f c d(t + ih2) > 
11 
a=1 
r&l + 1)1+’ 
Now we consider the existence of positive solutions of the equation 
f(t) = wf(t + hl) + az(t)f(t - h2). (16) 
Let f(t)a”llh’ = y(t). Then, from (161, we have 
Y(t + hl) - y(t) + a2(t)a;h2’h’y(t - h2) = 0. (17) 
Consider (17) together with the equation 
y(t + hl) - y(t) + qy(t - hz) = 0, 4 > 0, (18) 
where 
-hz/(hl+hz) 
I 1. (1% 
Hence, the characteristic equation of (18) has a negative root. And so, (18) has a decreasing 
positive solution y(t) 4 0, as t -+ co. By a comparison result [4], we have the following theorem. 
THEOREM 7. Assume that 
a2(+% 
-h/h < q, 
(20) 
where q > 0 satisfying (19). Then equation (17) has a positive solution. Therefore, (16) has a 
positive solution. 
The following is an existence result of positive solutions of (2), where az(t) can change sign. 
Positive Solutions of Difference Equations 841 
THEOREM 8. Assume that hs = mhl, m is a positive integer. al(t) > 0, an(t) E R are continuous, 
there exist a positive continuous function A(t) and a positive number T such that 
l-a:(t)fiA(t-ihl) 2 1, t L T, 
2=1 
where a:(t) = max(az(t), 0). Then (2) has a positive solution. 
PROOF. We consider the equation 
z(t) = A& 1_a2(t)fiA(t-Ihl) ( i=l .qt - zw ) 
z(t) = 1, t < T, 
z(t) = t 2 T. 
Now suppose that for some t* 2 T, z(t) 2 1 for t < t*. Then 
1 -az(t*)fiA(t* -ihl) 
i=l 
Hence, equations (23) define a positive solution of (22). 
Now we define f(t) z 1, t < T, and 
Hence, 
f(t) z(t - hd 
f(t - hl) = A(t - hl) 
1 m A(t - (i + 1)hl) 
= q(t - hl) 1 - az(t - hl) n t=l 4t - (i + l)hd 
1 m f(t - (i + l)hl) 
= q(t - hl) 
1 - az(t - hl) n 
i=l f(t - ihl) 
1 
= al(t-hl) 
1 _ a 2 (t _ hl)j@ - h1 - hz) 
f(t -hl) 
Therefore, f(t) is a positive solution of (2). The proof is complete. 
Let A be a positive constant. Inequality (21) becomes 
ii++ - 
1 A%;(t)) > 1. 
(21) 
(22) 
(23) 
Let u(A) = A - A m+lll: - y. A = (l/(m + 1)~) Urn is a maximum point of u(A). u(A,,,) > 0 
leads to the inequality 
a;“(t)a;(t) I (25) 
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COROLLARY 3. If (25) holds, then (2) has a positive solution. 
REMARK 4. If al(t) = al > 0, as(t) = a2 > 0, condition (25) becomes 
Comparing this condition 
Condition (iii) are shape. 
Especially, let A = 1 in 
with Condition (iii) in Theorem 3, we can say that condition (25) and 
(24). We have the following corollary. 
COROLLARY 4. Ifui(t)+uz(t) 51, (2) hasapositivesolution. Iflimsup,,,(ui(t)+u~(t)) < 1, 
then (2) has a unbounded positive solution. 
REMARK 5. The conclusions of Corollary 4 consist with the conclusions in Theorem 2(i). 
EXAMPLE 1. Consider the difference equation 
f(t) = yf(t - 1) + 2;t;y3)3f(t - 3), (26) 
where al(t) = (t - 3)/3t, aa = (2t2 + 3t - 3)/3t(t - 3), m = 3. Obviously, condition (25) holds. 
Therefore, by Corollary 3, (26) h as a positive solution. In fact, f(t) = t is a positive solution 
of (26). 
EXAMPLE 2. Consider the equation of the form 
f(t) = $(t - 7r) + ;;; 1 ?:js,t - 27r). (27) 
It is easy to see that (25) holds. By Corollary 3, (27) h as a positive solution. In fact, f(t) = 2tsin t 
is such a positive solution. 
About the boundedness of solutions of (2), we have the following result. 
THEOREM 9. Assume that 
loz(t) + 11 
lQ(Gl 
5 o!. (28) 
If Q = 1, then every solution of (2) is bounded. If a E (0, l), then every solution of (2) tends to 
zero as t --) 0. 
PROOF. Let f(t) be a solution of (2). Let M = maxa<t<h,+hz If(t By the method of steps, -- 
we can prove that 
If(t)1 I onM, for t > n(hl + h2). 
Then the conclusions are obtained. The proof is complete. 
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